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' Abstract. Consider the family of CM-fields which are pro-p p-adic Lie exten- 

O , . sions of number fields of dimension at least two, which contain the cyclotomic Zp- 

.^ ' extension, and which are ramified at only finitely many primes. We show that the 

Galois groups of the maximal unramified abelian pro-p extensions of these fields are 

not always pseudo-null as fwasawa modules for the fwasawa algebras of the given 

p-adic Lie groups. The proof uses Kida's formula for the growth of A-invariants in 

f-H ' cyclotomic Zp-extensions of CM-fields. In fact, we give a new proof of Kida's for- 

1/'^ . mula which includes a slight weakening of the usual /i = assumption. This proof 

• ' uses certain exact sequences involving Iwasawa modules in procyclic extensions. 

"^ . These sequences are derived in an appendix by the second author. 
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^ ■ 1. Introduction 

\o 

cn ' Let p he a prime number. Given a Galois extension L of a number field F, one 

Q I may consider the inverse limit Xi under norm maps of the p-parts of class groups 

Q ! in intermediate number fields in L. By class field theory, this is none other than 

^ . the Galois group of the maximal unramified abelian pro-p extension of L. Setting 

c^ ■ Q = Gal{L/F), we let A(^) denote the Iwasawa algebra Zp[[^]] of Q. By a module 

for A(^), we will always mean a compact left A(^)-module. In particular, Xl may 
be given the structure of a A(^)-module via conjugation, and we shall be concerned 
in this article with its resulting structure. 

Let K denote the cyclotomic Zp-extension of F. We say that a p-adic Lie extension 
L/F is admissible ii Q = Gal{L/F) has dimension at least 2, L contains K, and L/F 
is unramified outside a finite set of primes of F. An admissible extension will be 
said to be strongly admissible if Q is pro-p and contains no elements of order p. We 
remark that any compact p-adic Lie group contains a pro-p p-adic Lie group with no 
elements of order p as an open subgroup (cf. j ,DdMSt Corollary 8.34]). 

R. Greenberg considered the situation in which L is the compositum of all Zp- 
extensions of F. In this case, A(^) is isomorphic to a power series ring over Zp in 
finitely many commuting variables. Greenberg conjectured that the annihilator of X^ 
has height at least 2 as a A(^)-module, which is to say that X^ is A(^)-pseudo-null 
(see |Grl Conjecture 3.5]). 
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In |Velj ■ O. Venjakob generalized the notion of a finitely generated pseudo-null 
A(^)-niodule to pro-p groups Q with no elements of order p. In |CSSj . this definition 
was further generalized to finitely generated modules over arbitrary rings. For Q 
a compact p-adic Lie group, a finitely generated A(^)-module M is pseudo-null if 
Ext^g-~^{M, A(^)) = for i = 0, 1. The following question became of interest. 

Question 1.1. Let L/F be an admissible p-adic Lie extension, and set Q = Gal{L/F). 
Is Xl necessarily pseudo-null as a A(^)-module? 

Set r = Gal{K/F). In general, X^ is known to be a finitely generated torsion 
A = A(r)-module and was conjectured by K. Iwasawa to have finite Zp-rank. In 
other words, Iwasawa conjectured that Xk has trivial /i-invariant ^{Xk)- When 
F/Q is abelian, ^{Xk) = by a result of B. Ferrero and L. Washington |FWj . In 
the case that F = Q(/ip), the A-invariant X{Xk) is positive if and only if p is an 
irregular prime. Thus, Xk is often not pseudo-null as a A-module, since pseudo-null 
A-modules are finite, hence the reason for the dimension at least 2 condition. 

Remark. The condition that L contain K is also necessary, as Greenberg (following 
Iwasawa) had constructed examples of extensions L/F for which X^ is not pseudo- 
null and Q = Gal (L/F) is free of arbitrarily large finite rank over Zp but L does 
not contain K (unpublished). In particular, these Xl have nonzero /i-invariants as 
A(^)-modules (cf. fVel', Section 3] for the general definition). 

In general, if L/F is a admissible p-adic Lie extension, then Xl is a finitely gen- 
erated torsion module over A(^) (cf. |Holl Theorem 7.14] and Lemma l3.4p . If, in 
addition, it is finitely generated over A(G), for G = Gal{L/K), then the property of 
Xl being A(^)-pseudo-null is equivalent to its being A(G')-torsion (in an appropriate 
sense; cf. Lemma (3.1 1) . We note that if Iwasawa's /i-invariant conjecture holds, then 
Xl is indeed finitely generated over A{G) (again, see Lemma EiH). So, Question ll.il 
could very well be rephrased to ask if Xl is a finitely generated A(G')-torsion module. 

As we shall demonstrate in this paper, the answer to Question 11.11 is "no," with 
counterexamples occurring frequently for CM-fields L. We remark that, until this 
point, no such counterexamples had been known (or expected). Note that if L is a 
CM-field, then complex conjugation provides a canonical involution on Xl, and Up 
is odd we obtain a canonical decomposition Xl = X^ © X£ into its plus and minus 
one eigenspaces, respectively. In fact, we can compute the A{G)-rank (see Section 
01) of Xj^ for any strongly admissible p-adic Lie extension L/F of CM-fields with 
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yu(X^) = 0. This rank is zero if and only if X£ is A(G')-torsion, or equivalently, 
A(^)-pseudo-null. 

Theorem 1.2. Let p be an odd prime and L/F be a strongly admissible p-adic Lie 
extension of CM-fields, with Galois group Q . Assume that /i(X^) = 0. Let Ql/k be 
the set of primes in the maximal real subfield K^ of K that split in K , ramify in L^ , 
and do not divide p. Let 6 be 1 or depending upon whether F contains the pth roots 
of unity or not, respectively. Then we have 

rankA(G)(-^Z) = K^k) -^+ \Ql/k\- 
In particular, X^ is not pseudo-null over A{Q) if and only if X{Xj^) — 6-\-\Ql/k\ > 1- 

The proof of Theorem 1 1 . 21 uses a formula of Y. Kida's |Kij for A-invariants in CM- 
extensions of cyclotomic Zp-extensions of number fields. We will also give another 
proof of Kida's formula. 

Note that Theorem 11.21 provides counterexamples to a positive answer to Question 
11.11 even in the case that F = Q(/ip) and L is a Zp-extension of K with complex 
multiplication which is unramified outside p (see Example 15. 1|) . For instance, the 
smallest prime p for which the Zp-rank of X^ is (at least) 2 is p = 157. By Kummer 
duality, there are two Zp-extensions L oi K that are Galois over Q and for which X^ 
is not pseudo-null as a A(^)-module. Other examples occur for p = 353, 379, 467, 491, 
and so on. 

On the other hand, some mild evidence for a positive answer to Question 11.11 is 
given in |Shlj and |Sh2j in the case that F = Q(yUp) and L is a Zp-extension of 
K which is unramified outside p and defined via Kummer theory by a sequence of 
cyclotomic p-units in Q(yUpoo)'^. In particular, such L are not CM-fields. For instance, 
it is shown in |Sh2j that, for the Zp-extension L = K{p^^^°°) of K with F = Q(/ip), 
the A(^)-module Xl is pseudo-null for all p < 1000. So, even with counterexamples 
to pseudo-nullity, there remains the question of finding a natural class of extensions 
L/F over which Xl is pseudo-null as a A(^)-module. 

We describe a couple of possibilities for such a class, though this description is 
tangential to the rest of the paper. First, consider an algebraic variety Z over F, and 
form, for some i > and r G Z, the cohomology group Hl^{Z, Qp(r)). In the spirit 
of Fontaine-Mazur [FMj, we say that L/F comes from algebraic geometry if L lies in 
the fixed field of the representation of Gal(Q/F) on such a cohomology group. We 
mention the following refinement of Question 11.11 
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Question 1.3. If L/ F is an admissible p-adic Lie extension which conies from alge- 
braic geometry, then must Xl be pseudo-null as a A(^)-module? 

We feel that there is currently insufficient evidence for a positive answer to this 
question to conjecture it in general. However, it seems quite reasonable that it could 
hold, since we restrict to a setting in which the size of X^ might be controlled by p-adic 
L-functions. We believe that it is not known if CM-fields arising as admissible p-adic 
Lie extensions ever come from algebraic geometry, though it is generally expected 
that they do not. 

One might wish for a still larger class in Question II .31 since even in the case that 
F = Q(/ip) and L is a Zp-extension of K defined by a sequence of cyclotomic p-units, 
the extension L need not come from algebraic geometry (if the Tate twist of G is 
no n- integral) . So, consider a tower of algebraic varieties (Z„)„>o defined over F such 
that the Z„ are all Galois etale covers oi Z = Zq and the Galois group of the tower is 
a p-adic Lie group. We then expand our class to contain those admissible p-adic Lie 
extensions which lie in the fixed field of the Galois action on limif?^((Z„)/Q, Qp(r)) 
for some i > and r G Z, in which the inverse limit is taken with respect to trace 
maps (cf. |Uhj ). Then any L arising from cyclotomic p-units can be recovered, for 
instance, from the first cohomology groups with Qp-coefficients in the tower of Fermat 
curves x^" + y^" = z^" over F = Q(/ip) (cf. |1KY| Corollary 1 of Theorem B]). 

The organization and contents of this paper are as follows. In Section we give 
another proof of Kida's formula (Theorem 12.11) which includes a slight weakening of 
the usual assumption /i(X^) = 0. We consider, in this formula, any quotient Xl,t 
of Xl by the decomposition groups at primes above T, for a finite set of primes T of 
F. In Sectional we discuss Iwasawa modules in p-adic Lie extensions, elaborating on 
some of the definitions and remarks given in this introduction as well as providing 
lemmas for later use. In Section |3J we prove the generalization of Theorem 11.21 to 
the case of Xl^t f Theorem 14.11) . In Section |S1 we provide, along with a few remarks, 
specific examples of cases in which A(^)-pseudo-nullity fails. Finally, in Appendix 
1X1 the second author derives two exact sequences involving the G-invariants and 
coinvariants of X^ for quite general procyclic extensions L/K (Theorem lA.ll and 
Corollary IA.2|) . These are used in the proof of Theorem 12.11 
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2. Kida's formula 

In this section, we will give a proof of a mild generalization of Kida's formula 
in which the condition on the /i-invariant is weakened. For this, we use the exact 
sequences of Iwasawa modules in cyclic extensions of Appendix^ f Theorem IA.1|) . 
We let p be an odd prime in this section. 

Let F denote a number field which is CM, and let K denote its cyclotomic Zp- 
extension. Consider a CM-field L Galois over K, and set G = Gal{L/K). Let T be 
a finite set of primes of -F+ (which we could just as well assume consists solely of 
primes above p in what follows) , and for any algebraic extension E/F^, let Te be 
the set of primes above T. Define Pk to be the set of primes v oi K lying above p. 
Fix a set V^^ consisting of one prime of K for each prime of K~^ that splits in K. Let 
T^ = Tk n V^ and P^ = Pk H V^. Furthermore, we let 

(1) Ql/K = {v ^V^- (T^UP^): I,^l}u{veT^:G,^ 1}, 

with Gy and /„ denoting the decomposition and inertia groups in G, respectively, at 
a chosen prime above v in L. That is, Q^/^ is in one-to-one correspondence with 
the set of primes u of K~^ such that u splits in K but not completely in L and either 
u G Tk+ or u does not lie above p. For v G QJ^/k, let g^{L/K) = [G : G^]. 

Denoting the maximal real subfield of any L as above by L+, we have a direct sum 
decomposition of any Zp[Gal(L/L+)]-module M into (±l)-eigenspaces M"^ under 
complex conjugation. We shall be particularly interested in (the minus parts of) two 
such Iwasawa modules. That is, we define X^t to be the maximal unramified abelian 
pro-p extension of L in which all primes in Tl split completely, and we let Ul,t denote 
the inverse limit of the p-completions of the T-unit groups of the finite subextensions 
of F in L. 



We set 

6 



1 a jjpC F 

a iJp(^ F. 
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For a finitely generated A-module M and any choice of pseudo-isomorphism 



N 



where M{p) denotes its p-power torsion subgroup, set 

e{M) =max{ri | 1 < z < A^}. 

The following remark should be kept in mind in what follows. 

Remark. Let L/ K be a finite Galois p-extension such that L/ F is Galois. Set Q = 
Ga\{L/F). Any A(^)-module M becomes a A = A(r)-module through a choice of 
subgroup of Q lifting F, and the isomorphism class of M as a A-module is independent 
of this choice. 

We have the following generalization of Kida's formula for the behavior of A(X^ ) 
in finite Galois p-extensions L/K (such that L/F is Galois) |Kij (see also the related 
results of L. Kuz'min |Kul Appendix 2] and in |JNSWl Corollary 11.4.13], though for 
the latter we remark that the formulas are not quite correct as written). In the above 
results, it is assumed that ^{X^j) = 0, which implies that ^{Xj^j) = 0. (In these 
results, it is also assumed that either T is empty or consists of the primes above p.) 
We make the weaker assumption that 6{X£j,) < 1. Of course, Iwasawa conjectured 
that ^{Xk,t) = always holds. 

Theorem 2.1. Letp be an odd prime and L a finite p- extension of K which is Galois 
over F . Assume that 6{X^j.) < 1. Then 

(2) A(X^» = [L:ir](A(X^^^)-5+|gI/,,|)+5- Yl 3v{L/K) 

and 

/x(X^» = [L : K]/i(X^^^). 

Proof. For notational convenience, we leave out superscript and subscript T's in this 
proof. We claim that it suffices to demonstrate this result in the case that [L : K] = p. 
To see this, let E be an intermediate field in L/K., and, if necessary, replace F by a 
finite extension F' oi F in K such that E/ F' is Galois. Since Xj^ —>■ Xf^ is surjective 
(as G = G^), the fact that 0{X^) < 1 implies that 6{X^) < 1 as well. Now we use 
induction on the degree of [L : K] and assume that L/E has degree p. Then i^ for 
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L/ K amounts to a check of the formula 

Y, {[L:K]-pg^{E/K))+ J^ (^"1)= E i[L : K] - g^{L/K)), 

which we leave to the reader. Let us use /i' to denote /^-invariants with respect to 
Gal(i^/F'). By induction, we have 

/i(X-) = [F' : F]-V'(X, ) = [F' : F]" V(^^) 

= [F' : F]-'[L : i^]/i'(X^) = [L : K]/x(X^). 

This proves the claim. 

So, let G be cyclic of order p. We examine the minus parts of the sequences T^/k 
and \E'l/x of Theorem lA.ll Since W^ = Zp(l)'^ (see, for example, |NSW[ Theorem 
11.3.11(ii)]), we have H^{U£) ^ /ij and R-^U^) = 0. Let 5^//^ be the set of 
elements of P^ with v ^ T^ and /^ 7^ 1. Since G is cyclic of order p and G = G^, 
the sequence "^l/k reduces to 

^-/^ : ^ (G®2)®I^VA-I ^ i^O(X^ ) ® G ^ /ij ^ 

(^ffilQvA-l+l^i/A'l ^ H-\X^) -^ 0. 

This yields that 

(3) /i(X^)=/-I«vaI, 

where we use h{X£) to denote the Herbrand quotient with respect to G. 

As for the minus-part of Tl/k, need from it only the rather well-known consequence 
that the restriction map {Xj^)c -^ X]^ is a pseudo- isomorphism. We have an exact 
sequence 

with Z a A[G']-module which is free of finite rank over Zp. Clearly, we have 

(4) A(Z) = A(X-) and A(Zg) = A(X^). 

The sequence ^E'^/^ also implies that fi{H^{X^)) = for all i. As we shall see 
in Lemma l2.4f a). this and the the fact that 0{X]^) < 1 imply that h{Xj^[p)) = 1. 
Therefore, we have 

(5) h{Z) = h{X,). 

Now, we know by representation theory (as pointed out in |Iwlj ) that 



Z ^ Zp[G]'' ® Fa ® Z; 



p' 
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where Ig denotes the augmentation ideal of Zp[G']. It follows that \{Zg) = a + c and 
h{Z) = p^-^ Applying ©, 0, and © , we conclude that 

A(X^) =p{a + b) + c-b = p(A(X^) - 6 + \Ql/k\) + S - \Ql/k\, 

verifying (j21). 

As for the /i- invariant, the fact that {X£)g and X^ are pseudo-isomorphic implies 
that yu(X^) = yu((X^)G). The result then follows from Lemma f2.4f b) below. D 

To finish the proof of Theorem \'2.1\ we need the following results on Herbrand 
quotients and /i- invariants. Let G be a cyclic group of order p. We use H'^{M) to 
denote the ith Tate cohomology group of M with respect to G. 

Lemma 2.2. Let M be a Fp[G]-module for which H^{M) is finite for all i. Then the 
Herbrand quotient h{M) is trivial. 

Proof. Note that Fp[G'] has a filtration 

(6) F,[G] = J° D /g D . . . D /r' = (Ng) D /g = 0, 

where Ig denotes the augmentation ideal and Ng denotes the norm element in Fp[G]. 
Let M[Iq\ denote the submodule of elements of M killed by Iq. We then have exact 
sequences 

^ m[i^]/{IgM n M[i^]) -^ m[i^+^]/{IgM n m[i^+^]) ^ 

for k > 0, and 0o is simply the identity on M'^ / (IgM)'^ . Since the kernel and cokernel 
of (pk+i are the domain and range of (pk, we conclude that the orders of the domain 
and range of 0p_2 are equal, if finite. Since this finiteness is assumed, we conclude 
that h{M) = 1. D 

In the following lemmas, we take M to be a finitely generated torsion A-module 
with a commuting G-action (i.e., a finitely generated A[G]-module which is A-torsion). 
We use Ng to denote the norm element in Zp[G]. 

Lemma 2.3. The following conditions on M are equivalent: 

(i) /i(^°(M)) = 
(ii) n{H%M)) = for all i e Z 
(iii) i2{MG)=fi{NGM). 
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Proof. The equivalence of (i) and (ii) follows immediately from 

^ M^ ^ M ^^ M ^ Mg^O, 

for some generator a of G, 

(7) -^ H-\M) ^ Mg^ M^ -^ H\M) -^ 0, 

and additivity of /i-invariants in exact sequences. The equivalence with (iii) also 
follows from ^, as it implies that h{Mg) = h{NgM) if and only if ii{H-^{M)) = 
0. D 

Lemma 2.4. Assume that fi{H'^{M)) = and 9{M) < 1. Then we have: 

(a) h{M{j))) = 1 

(b) /i(M)=p/i(MG). 

Proof. We first claim that it suffices to replace M by M{p)/pM{p). For this, note 
that we have an exact sequence of A[G']-modules 

-^ M{p) ^ M ^ Z ^0, 

where Z is free of finite rank over Zp. Since n{Z) = 0, the same holds for its 
cohomology groups, and hence 

KH^Mip))) = KH\M)) = 0, 

which is to say that H^{M{p)) is finite. By Lemma f2. 31 the groups W{M{p)) are all 
finite. Since 9{M) < 1, we have that M{p) —* M{p)/pM{p) is a pseudo-isomorphism, 
and hence the W{M{p)/pM{p)) are finite as well. As Herbrand quotients of finite 
modules are trivial, the claim is proven. 

With the claim proven and M now assumed to be p-torsion, part (a) follows from 
Lemma 12.21 using again the equivalence of (i) and (ii) in Lemma 12.31 For part (b), 
let Ig denote the augmentation ideal in Zp[G']. Then IqM/ I^^M is isomorphic to a 
quotient of Iq~^M/I^M ior k>l. As in ©, we have 

^i{Fa'M/IlM) = /i(/r'M) = ^^{NGM). 

Since ^i{Mg) = fi{NGM) by LemmaO it follows that fi{I^M/I^+^M) = fi{MG) for 
< k < p — 1. We conclude that 

p-i 
fi{M) = ^/i(4M/4+W) =pfi{MG). 

k=0 

D 



10 YOSHITAKA HACHIMORI AND ROMYAR T. SHARIFI 

Remark. In general, h{M) can be nontrivial when M is a p-power torsion A- module 
for which h{M) is defined. For example, the principal (A/p^A)[G']-ideal M = {{g — 
1) ~ p{l ~ 1))? foi' generators g oi G and 7 of F, has h{M) = p. 

3. IWASAWA MODULES 

In this section, we assemble a few definitions and easily proven results regarding 
modules for the Iwasawa algebras of p-adic Lie extensions. 

Let G be a compact p-adic Lie group. We define a finitely generated A(G')-module 
M to be torsion (resp., pseudo-null) if 

Ext\(c)(M,A(G)) = 

for i = (resp., for i = 0, 1). These definitions coincide with those of Venjakob [Veil 
Sections 2-3] and J. Coates, P. Schneider, and R. Sujatha in |CSSt Section 1]. When 
A(G') is an integral domain (for instance, if G has no elements of finite order), this 
definition of A(G)-torsion reduces to the usual one. 

For any pro-p p-adic Lie group G with no p-torsion, we let Q{G) denote the skew 
fraction-field of A{G). For any finitely generated A(G')-module M, we define the 
A{G)-rank of M as a A(G')-module, denoted rankA(G) ^5 to be the dimension of 
Q{G) ®A(G) M as a left Q(G)-vector space (see, for example, [CH, Section 2]). A 
finitely generated A(G')-module M is A(G')-torsion if and only if it has trivial A(G')- 
rank. 

We say that a compact p-adic Lie group G is uniform (or, uniformly powerful) if its 
commutator subgroup [G, G] is contained in the group G^ generated by pth powers 
and the pth power map induces isomorphisms on the successive graded quotients in 
its lower central p-series (cf. |DdMSl Definition 4.1]). It is known that any compact 
p-adic Lie group contains an open normal subgroup which is uniform (cf. |DdMS| 
Corollary 8.34]). 

Lemma 3.1. Let Q be a compact p-adic Lie group, and assume that G is a closed 
normal subgroup with Q jG = Zp. Then a A{Q)-module which is finitely generated 
over A{G) is pseudo-null if and only if it is torsion as a A{G)-module. 

Proof. This is proven in |Ve2t Proposition 5.4] (using |Ve2t Example 2.3]) if G is 
uniform and we have an inclusion of subgroups [Q,G] < G^. We claim that Q has an 
open subgroup Qi with this property, taking Gi = G HQi. To see this, first let Qo be 
any open normal uniform subgroup of Q, and set Gq = GnQo. Fix 7 G ^0 with image 
generating Qq/Gq, and let F be the closed subgroup of Qo that 7 generates. We have 
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a canonical isomorphism Qq = Go^iT (for the given action of F on Go). Let Gi be an 
open normal uniform subgroup of Gq. Choose n > such that [T^" , Gi] < G\, and let 
W be the closed normal subgroup of Gi generated by [r^",Gi]. Let Qi = Giy\ F^", 
an open subgroup of Q. Then Qi yields the claim, as 

[<3uG,]<[G,,G,]-W<G{. 

The result now follows from the definitions of pseudo-nullity and torsion modules 
given above, since for any A(^)-module M, one has jJa[ Lemma 2.3] 

ExtX(5)(M,A(^)) - Ext\(5^)(M, A(^i)) 

for any i > 0, along with the corresponding fact replacing ^ by G and Qi by Gi. D 

We now consider the behavior of a certain sort of filtration on a compact p-adic 
Lie group with respect to taking subgroups. 

Lemma 3.2. Let G he a compact p-adic Lie group, let Gi be an open normal uniform 
pro-p subgroup ofG, and let H be a closed subgroup ofG. Forn > 1, let Gn+i denote 
the open normal subgroup ofG which is the topological closure of G^[Gn,Gi] in G. 
Then H is a p-adic Lie group of dimension e < dimG, and there exists a rational 
number G such that [H : H (1 Gn] = Gp^^ for all sufficiently large n. 

Proof. The first statement is well-known, and as for the second statement, we begin 
by noting that G„ = G\ since Gi is uniform (cf. |DdMSt Theorem 3.6]). So, 
there exists an integer c such that H fl G„ is uniform for all n > c (cf. |DdMSl 
§4 Exercise 14 (i)]). Let Hq := H r\ Gc. Then we can take some c' such that 
HonGn = {Ho n Gc'Y"'^' for all n > c' (cf. |DdMS[ §4 Exercise 14 (ii)]). Setting 
Hi = HoH Gc' and defining Hn+i to be the topological closure of Hp[H„, Hi] in G, we 

„n — 1 

have Hn = H^ = HoCi Gn+d-i since Hi is uniform. As there exists some constant 
G' such that [H : HoD Gn+c'-i] = G'p^'^ for all sufficiently large n and [H nGn ■ H^] 
is eventually constant, we have the result. D 



We shall also require the following asymptotic formula for A(G)-ranks (cf. |HoH 
Theorem 2.22], or |Hr2l Theorem 1.10] for "adequate" G). We say that a sequence 
(an)n>i of integers is (or "equals") 0{q^) for some nonnegative integer g if < a„ < 
Cg" for some constant G for all sufficiently large n. 

Lemma 3.3 (Howson). Let G be a pro-p p-adic Lie group containing no elements of 
order p, and let M be a finitely generated A{G) -module. Choose a sequence Gn as in 
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Lemma \H.iA Then rankA(G) M = r if and only if 

rankz, Mg„ = r[G : G„] + 0(p"('^-i)). 

Finally, we move away from the purely module-theoretic setting to prove the fol- 
lowing basically well-known consequence of Nakayama's Lemma that was used in the 
introduction. 

Lemma 3.4. Let L/F be an admissible p-adic Lie extension with Galois group Q , and 
set G = Gal{L/K). Then Xl^t is a finitely generated A{Q)-module. Furthermore, 
if L/K is strongly admissible and h^Xk^t) = 0, then X^^t is finitely generated as a 
A{G)-module. 

Proof. In the first part, we may assume that G is pro-p by passing to an open subgroup 
of Q. Note that Xk,t is a finitely generated A-module. Furthermore, the kernel of 
{Xlj')g ~^ Xk,t is a finitely generated Zp- module, since this kernel maps to the 
direct sum of the decomposition groups in G at the ramified primes in L/K and the 
primes in T^-, with kernel a quotient of H2{G,Zp). Therefore, {Xl^t)g is a finitely 
generated A-module, and it follows from Nakayama's Lemma (as in [BH ) that Xl^t 
is a finitely generated A(^)-module. If we know that ^{Xk,t) = as well, then we 
see that {Xlj')g is finitely generated over Zp, and we conclude that X^^t is finitely 
generated over A(G'). D 

4. Strongly admissible extensions 

In this section, we shall prove our result on the behavior of inverse limits of minus 
parts of class groups for strongly admissible p-adic Lie extensions of CM-fields using 
our extension of Kida's formula (Theorem 12.11) . That is, we will prove the following 
theorem, which includes Theorem 11.21 f noting Lemma [3. 1|) . 

Theorem 4.1. Let L/F be a strongly admissible p-adic Lie extension of CM-fields, 
for an odd prime p. Set G = GaA{L/K). Let T be a finite set of primes of F^ , and 
let Q^/j^ be as in (Q). Assume that ^{X^j) = 0. Then X^j, is finitely generated 
over A{G), and we have 

rankA(G) ^Z.t = H^k,t) -^+ IQI/kI- 

Remark. Let Xk be as in the introduction, and let Yk be the maximal quotient of 
Xk in which all primes above p split completely. Since A(X^) — A(y^) equals the 
number of primes of K~^ above p which split in K (cf. |NSW| Proposition 11.4.6]), 
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Theorem 14. II implies that rankA(G) Xj^ — rankA(G') Y^ is the number of primes of K~^ 
above p that spht completely in L/K^. In particular, if no prime above p splits 
completely in L/K~^, then the kernel of the natural surjection from X^ to Y^ is 
pseudo-null over A(^), with Q = Gal{L/F). This is compatible with |Ve3t Theorem 
4.9]. On the other hand, X£ is not pseudo-isomorphic to Y^ if there exists a prime 
above p which splits completely in L/K~^. 

Let us work in the setting and with the notation of Theorem 14.11 Let G = 
Gal{L/K). We set d = diniG, and for any prime v oi K (or K~^), we let dy de- 
note the dimension of a decomposition group G^ of G at a prime above v. Let G„ be 
a sequence of open normal subgroups of G chosen as in Lemma 13.21 We then let gn,v 
denote the index of the image of G.^ in the group G/Gn- 

Lemma 4.2. Let v be a prime of K which does not split completely in L. Then g^^v 

Proof. Let L„ be the subextension in L/ K corresponding to G„, a finite Galois p- 
extension of K. Let G be the constant in Lemma 13.21 such that [G : G.„] = Cp"'^ 
for all sufficiently large n. Let G^ and Gn,v denote the decomposition groups of G 
and Gni respectively, at a fixed prime of L above v. Then, by Lemma [3.21 there also 
exists a rational number G^ such that [G-u : Gn,v\ = G^p"^'^" for all sufficiently large n. 
Since rf^, > 1 by assumption on f , we have 

9n,v = [G/Gn : G,/G„.,.] = (C/a)j9"('^-'^'') = 0{p^^''-'^). 

a 

We are now ready to prove Theorem 14. 11 

Proof of Theorem \4.1\ Again, let L„ be the subextension in L/K corresponding to 
Gn- We remark that Qj^ ,^ = Q^/^ if n is sufficiently large. By Lemma (4.21 gn,v is 
0(p^i<i-^)) for V e Ql/j^, so Theorem O yields 

(8) A(X^-„,^) = (A(X^,^) - 5 + |gI/^|)[L„ : K] + 0{p<'-'^) 

for all sufficiently large n. 

We let Se denote the set of primes of an algebraic extension E/ K consisting of all 
primes above p and the primes which ramify in L/K. We often abbreviate Se simply 
by S. Let L„ „, denote the completion of L„ at a given prime w, and let J^^ ^ denote 
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the inertia group of the absolute Galois group Gl„,„ • We set 

weSL„ weSL„ 
and take IH-l.t = lini'^L„,T- Consider the following commutative diagram. 
> Hom(X^„_^, Qp/Zp) ^ H\Gl^^s, Qp/Zp)- > H^^.t 



, Hom(X-^, Q,/Z,)^" y {H\GL^sMp/Zp)-r- > (^Z.t)"""- 

Applying the Hochschild-Serre spectral sequence, we see that 

keTip-) = H\G^,Qp/^p)- 

and coker(/3~) injects into if^(G„, Qp/Zp)~. By |HrH Lemma 2.5.1], the Zp-coranks 
of both of these cohomology groups are bounded by a constant C, which depends 
only on diniG, as n increases. Applying the snake lemma (with TiJ^ ^ replaced by 
the image of H^{Gl„,s, Qp/Zp)~ in it), we have 

(9) A(X-^_^) -G< rankz,(X-^y)G„ < X{X^„,t) + corankz,(ker(p;)) + G, 

for all sufficiently large n. 
We remark that 

Mp;) = (0 i/'(/n,^,Qp/Zp)© iJi(G'„,^,Qp/Zp))-, 

where In,w denotes the inertia group of Gn at a prime above w (and Gn,w is the 
decomposition group, as before). The latter equations break up as the direct sum 
of minus-parts of cohomology groups over elements of conjugacy classes of primes in 
5*^^ under complex conjugation. If w e Sl^ is self-conjugate (or if w splits completely 
in L/ Ln), then H^{InM, Qp/Zp)~ and H^{Gn,w, Qp/Zp)~ are trivial. If w is complex 
conjugate to a distinct prime w, then 

[H (/„^^, Qp/Zp) © if {In^w,Q,p/Zp)) =H (/„^^, Qp/Zp), 
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and similarly with In,w replaced by Gn,w We conclude that 

(10) corankzp(ker(p~)) = ^ corankz,, if^(/n,«;, Qp/Zp) + 



^^Ql/L„-Ql/L„ 



^ corankzp H^ {Gn,w, Qp/'Z'p) , 



^^Ql/Lr, 



The Zp-corank of H^{Gn,w,Qp/'^p) is less than or equal to the Fp-dimension of 
H^{Gn,w, Z/pZ), which is eventually constant by Lemma f3.2[ equal to the dimension 
of Gw Similarly, Lemma IT^ implies that corankz^ H^{In,w, Qp/Zp) is eventually less 
than or equal to the dimension of the inertia group in G^,, which is at most that of 
Gw Noting that v G Q'^/j^ if and only if u; G QJ^/l^ (for any T and) for any w\v 
because G has no elements of finite order, equation (jlOj) implies that 

(11) corankzp(ker(p;^)) < ^ d^gn^v 

Since Lemma W7]\ implies that gn,v is 0{p"^'^^^^) for each v G Qf/j^, equations © and 
(HH) yield that 



(12) rankz,((X-,,)Gj = rankz, X"^^^ + ©(p-^''-^)) ± 0(1) 

As in Lemma lH.4| the fact that fi{X^j,) = implies that X^j. is finitely generated 
over A{G). The result on ranks now follows from the fact that d > 2, equations (jH)) 
and (HU, and Lemma ESI D 

5. Examples and Remarks 

We conclude this article with several remarks and examples of the application of 
Theorem I4.1I We begin by giving three examples of the application of Theorem 14.11 
to finding L for which Xl is not pseudo-null. 

Example 5.1. Let F = Q(/ip) and K = Q(/ip°o) for an odd prime p. Let Xk be 
the Galois group of the maximal pro-p abelian unramified outside p extension of K. 
Kummer duality induces a pseudo-isomorphism 

X+^Homz,(X^,Zp(l)) 

of torsion A-modules with no Zp-torsion (see jNSWl Corollary 11.4.4]). In particular, 
we have A(X^) = A(X^). Thus, there exist (at least) A(X^) distinct Zp-extensions 
L oi K which are CM, unramified outside p, and Galois over Q. For each of these 
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extensions, Theorem 14.11 implies that Tank^G)^L ~ -^{-^k) " ^- ^^ particular, all 
such Xj^ are not pseudo-null if A(X^) > 2. 

Example 5.2. Let F = Q(/ip) and K = Q(yUpoo) for an odd prime p. We demonstrate 
how one may construct a Zp-extension L oi K with L/F Galois such that X£ has 
any sufficiently large A(G)-rank, for G = Gal{L/K). 

Let n be the set of all rational prime numbers which are completely decomposed 
in F but inert in Q(/ip2)/F. By the Cebotarev density theorem, LI is a infinite set. 
Let T"*" denote a finite set of primes of K~^ lying above primes in LI. Let S be the set 
of all primes of K above p or a prime in T"*". From |lwll p. 276] we have 

(13) ^ limX-^ ^ H\GK,s,^^p^)- ^ Qp/Zp ^ 0. 

Furthermore, the summand in the third term which corresponds to v is canonically 
the cohomology group of the inertia subgroup at f G T'^ in X^^, where Xk,s is 
the Galois group of the maximal abelian pro-p extension of K unramified outside S. 
Since v splits in K/K^ and lies over an inert prime of F"*", equation ()13|) therefore 
implies that X^^. contains a A-submodule isomorphic to Zp(l)®l-^ ', with each Zp(l)- 
summand the inertia group at some v G T"*". Thus, there exists a quotient of X^^. 
by a A(L)-submodule which defines a Zp-extension L that is Galois over F, abelian 
over K^ (hence L is CM), ramified at all primes in T"*", and unramified outside S. 
For this L, Theorem 14. II vields that 

rankA(G)X^ = A(X^) + |T+|-l. 

Note that IT"*"! can be taken to be arbitrarily large. 



Example 5.3. In |Raj . R. Ramakrishna constructs a totally real field V which is 
Galois over Q with Galois group isomorphic to PSL2{7jz) and which is ramified only 
at 3 and 349. Then, letting L = L'Q(/i3oo), the Galois group of L/Q is a 3-adic Lie 
group of dimension four. It is possible to choose a number field F contained in L such 
that L/F is a strongly admissible 3-adic Lie extension. Let K denote the cyclotomic 
Zs-extension of F. Applying Theorem 14.11 to the extension L/F, we see that if 
/i(X^) = 0, then X^ is not pseudo-null. However, we do not know that yu(X^) = 
for this K, as F cannot be taken to be a 3-extension of an abelian extension of Q. 

Remark. Removing the assumption that L contains the cyclotomic Zp-extension of K, 
Greenberg has recently constructed nonabelian p-adic Lie extensions L/F for which 
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Q = GaA{L/F) is isomorphic to, for instance, an open subgroup of PGL2{Zp) and 
Xl has nontrivial //-invariant as a A(^)-module (unpubhshed). 

Remark. There is an analogous theory for elhptic curves. Let E be an elhptic curve 
over a number field F, and let K be the cyclotomic Zp-extension of F. In "classical" 
Iwasawa theory for the elliptic curve E, one studies the Pontryagin dual Se\poo(E/Ky 
of the Selmer group of E over K. An analogue of Kida's formula for such Selmer 
groups is given in |HMj under the assumption that E has good ordinary reduction 
at p. One can give a formula for the A(G)-rank of Se\poo[E/Ly for a pro-p p-adic 
Lie extension of F containing K in a similar manner to that of Theorem 14.11 using 
the same method of proof and a Kida-type formula as above. In fact, such a formula 
has already been given in some special cases: see |CHt Corollary 6.10] and |Ho2| 
Theorem 2.8] for the case that L = Q(£'poo) and |HVl Theorem 3.1] for the case in 
which the dimension of Gal{L/F) is 2. In general, the formula, which is due to the 
first author, is as follows. We remark that the same formula is also obtained in |Bhaj 
independently. 

Theorem 5.4. Let L/F be a strongly admissible p-adic Lie extension. Let E be an 
elliptic curve defined over F that has good ordinary reduction at p. Let Mq{L/K) be 
the set of primes v of K not lying above p and ramified in L/K, and set 

Mi{L/K) = {v ^ Mq{L/K) : v has split multiplicative reduction} 
M2{L/K) = {v e Mo{L/K) -.v has good reduction and E{K^)[p]^0}. 

Assume that Selpoo {E/KY is finitely generated over Zp. Then Selpoo [E/LY is finitely 
generated over K{G), and 

rankA(G) Selpoo(E/L)^ = rankz, ^e\p^{E/Ky + \Mi{L/K)\ + 2\M2{L/K)\. 
Appendix A. Iwasawa Modules in Procyclic Extensions 

BY ROMYAR T. ShARIFI 

In this appendix, we shall derive two types of exact sequences which describe the 
behavior of Iwasawa modules in cyclic p-extensions L/K such that L is Galois over 
a number field F. These sequences and the proof given here are related to a 6- 
term exact sequence of Iwasawa and its method of proof in |lw2j . though derived 
independently. By focusing on the case of cyclic extensions of number fields, we 
are able to obtain a finer result than the sequence of Iwasawa, which dealt with 
general Galois extensions. (We also remark that our sequences also bear a relationship 
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with the classical ambiguous class number formula, as in |La| Lemma 13.4.1].) We 
take inverse limits to obtain related sequences for Iwasawa modules in the general 
(pro)cychc case. 

We must first introduce a considerable amount of notation. For now, let K he a 
Galois extension of a number field F. In this section, we allow p to be any prime 
number. Let L be a cyclic p-extension of K which is Galois over F. Set G = 
Ga\{L/K), g = Gal(L/F), and H = Ga\{K/F). 

Let T be any finite set of primes of F which includes its real places. For any 
algebraic extension E of F, let Te denote the set of primes of E lying above those in 
T. Let h(E,T denote the inverse limit of the p-completions of the T-unit groups of the 
finite subextensions of F in E. Let Xe^t denote the maximal unramified abelian pro- 
p extension of E in which all primes in Te split completely. Let 0^/j^ : Xk,t -^ ^lt 
denote the natural map. Let H^{M) denote the ith Tate cohomology group for the 
group G and a Z[G']-module M. 

For each prime v of K, let Gy denote the decomposition group at any prime above 
V in G, and let Jj, denote the inertia group. (If w is a real prime, then Jj, = G^ has 
order 1 or 2.) We can consider the map S^,^ given by the inverse limit via restriction 
maps of the sum of inclusion maps 

over number fields L' containing F inside L, with K' = L' (1 K, such that G'^ is the 
decomposition group of G' = Gal{L' / K') at u and /^ is the inertia group. Similarly, 
letting Il'^t (resp., Ik',t) denote the T-ideal class group of L' (resp., K') and letting 
Pk',t denote the group of principal T-ideals of K', we set 

and 

(El/K = lim {{Il',t/{Pk',t ■ Ng'Il',t)) ®z Z^), 
where Nq' denotes the norm element in Zp[G"] and the inverse limits are taken with 
respect to norm maps. 

Finally, given r G Z and an exact sequence of groups 

$: ...^ Ai^ Ai+i^ ... 

with a distingushed term Aq, let 

<I>[r]: ...^5,^5,+!^... 
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denote the exact sequence with distinguished term Bq and Bi = Ai^r- 
We then have the following theorem. 

Theorem A.l. Let F be a number field, K/F a Galois extension, and L/K a cyclic 
p-extension with L/F Galois. Set G = GaA{L/K) and H = Gal{K/F). Let T be a 
finite set of primes of F. Then we have canonical exact sequences of K{H) -modules: 

Yli^ : ^ (ker0l/^)®z,G ^ H-\U^^t) - ^AlK®^.^ ^ (coker0i/^)®z,G' ^ 
E\Ui^,t) -^ kerE^/^ -. {Xi^,t)g -^ ^k^t -^ coker S^/^ -. 

and 

^l/K ■■ • • • ^ H-\Ul,t) -^ €^iK ®z, G -^ H\Xl,t) ®z, G -^ 

H\Ul,t) ^ ker S^/;, ^ H-\Xl,t) ^ • ■ ■ 

Proof. We will leave out subscript and superscript T's throughout this proof, for 
compactness. For E a finite extension of F, we let Oe denote the ring of T-integers 
of E, let Ie denote the group of fractional ideals of Oe, let Pe denote the subgroup 
of principal fractional ideals, and let Clg denote the class group of Oe- 

We begin by proving the theorem in the case that K and L are both number fields. 
Consider the commutative diagram of exact sequences: 

(14) 

\ /^ 
Pe 

/ \ 
— >Ol — > E"" > Ie — > C\e — > 0. 

We obtain from ()14|) in the case E = L two long exact sequences in Tate cohomology 
(15) 



-> H^'~HPl) ^ H^'iOl) -^ H^'iL"") -^ H^'{Pl) ^ H^'+^{Ol 



^ H^'-^{CIl) ^ H^''^{Pl) > > H'^'-\CIl) ^ H'^'{Pl) -^ H'^\Il 



20 
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where we have used that if^* ^{L^) = H^^ ^{II) = 0. Chasing the diagram (jlSp . we 
obtain an exact sequence: 

(16) . . . ^ H^'-\C\l) -^ H''\Ol) -. ker(i^''(L^) ^ H^\Il)) ^ 

H^'^\C\l) -^ H^'^\Ol) -^ coker(i^2^(^x^ ^ H^\Il)) ^ .... 

Using p4j) again, we have a commutative diagram 

> Ol > K"" > Pk > 







-> Ol ¥ i^x ^ P^ ^ H^{0\ 



0, 



and it provides an isomorphism H^{0^) = P^^/Pk- Noting this and applying the 
snake lemma to the commutative diagram 











-^Pt, 



K 



-> A 



->C1 



K 



->o 



<t>L/K 



-> Pf > If > C\f ^ H\Pl) 



we obtain an exact sequence 
(17) 
-. ker(Clx ^^ CU) ^ i^i(O^) ^ I^/Ik ^ a?/0L/;,(a^) ^ i^i(PL) ^ 0. 

One next checks easily that the map H^^{C\l) -^ H^{0^) in (fT^ has image 
contained in ker(</)j;^/x) via the map in (jl7|) and that the resulting map H^^{C\l) —>■ 
CIk is induced by the norm map {CIl)g —>' CIk- Furthermore, since the kernel of 
the norm map is contained in H~^{C\l), we have an exact sequence 

(18) . . . ^ H-\C\l) - H'{02) - ker(i^°(LX) ^ H\h)) - (CU)g - Cl^- 

Next, we attach dTTD to the left of dUD via the map H-\Pl) -^ H^{Ol) in (ITH|l . 
obtaining 

(19) -^ ker0i/^ ®G^ H-\Ol) -^ /f /0(/x) ®G^ cokei (Pl/k ® G ^ 

H\Ol) -. ker(^°(LX) ^ ^°(/z.)) ^ (CU)g - Cl^. 



Now, we must study the map H^{L^] 
exact sequence 



H^{Il)- By class field theory, we have an 



O-i^2(LX)^#^(0LX) 



[L:K] 



Z/Z, 
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in which L^ denotes the completion of L at a prime w. This yields a sequence that 
fits into a commutative diagram 



(20) 







^ H\L 



0(TX- 



^H'i^^L 






^G 



where U^ denotes the unit group of L^. The local reciprocity maps provide canonical 
isomorphisms 

H%®L^)=G. and H'{^u:) ^ h 

W V W V 

for any prime v of K. We also have a non-canonical isomorphism 
(21) H%h) = G,. 

Making the resulting replacements in (j^UI) . we have a commutative diagram 







0/ r x^ 



->ijO(L 



®v 



-^e.G. 



^G 



at^e. 



G. ^ 



©t 



/j, ^ 



which implies that we have a canonical isomorphism 

(22) ker(^0(LX) ^ i^O(/z.)) - ker Sz./i,. 
Furthermore, we remark that 

(23) coker(^°(LX) ^ i^°(/i)) = I2/{Pk ■ Nch). 
Plugging (J22I) into (jT^ and noting that 

coker(Cl2, -^ Clx) — cokerS^/i^, 
we obtain an exact sequence with desired p-part TT/,^. Similarly, plugging 



(0H|) into (fT^ . we obtain the sequence \1/"^ 



L/K- 



and 



L/_ft'- 



Note that there are natural maps of exact sequences, r^^, ,^, -^ ^l/ki ^°^ finite 
extensions L' / L and K' / K such that L' / K' is cyclic, which are given by norm maps 
from L' to L on the first, second, third, fourth, and seventh terms, norm maps from 
K' to K on the fifth and eighth terms, and the maps induced by restriction of Galois 
groups on the remaining two terms. The sequence T^ ,^ in the case in which L is not 
a number field now follows by taking the inverse limit of the sequences r^,,j^,p|^, with 
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L' a number field contained in L. Since T is assumed to be finite, all terms at the 
finite level are finite, and therefore, the sequences remain exact in the inverse limit. 
Similarly, we have maps ^1/^//;^/ — > ^^/k^ ^^^ ^^^ inverse limit yields the desired 
sequence in the general case. D 

Taking inverse limits, one easily obtains the following corollary for Zp-extensions 
L/ K with Galois group G. Here, we let Nj^jj^ denote the obvious map (Ul,t)g -^ Uk,t 
induced by the inverse limit of norm maps. 

Corollary A. 2. Let F he a number field, K/F a Galois extension, and L/K a Tip- 
extension with L/F Galois. Set G = GaA{L/K) and H = GaA{K/F). Let T be a 
finite set of primes of F. Then we have canonical exact sequences of A{H) -modules: 

Yli^ : ^ ker iVj/^ ^ J^/^ ®z, G -^ Xg^ ®z, G -^ coker iVf/^ ^ 

ker YF^ij^ -^ {^l,t)g -^ ^k,t -^ coker E^/^ -^ 

and 

"^llK ■■ • • • ^ ker Nli^ -^ (Bl/j, ®z, G ^ Xg^ ®z, G -^ 

coker N^/j^ -> ker S^/^, -> {Xl,t)g ^ ■■■ 

CoroUarv lA. 21 can be used to give a simple proof of Theorem 14. II for Zp-extensions 
which includes the case of p = 2, though we do not include it here. There are 
numerous remarks to be made. 

Remarks. 

1. Let Rl/k denote the set of finite primes v oi K with v ^ Tk and such that 
the completion L^ for w \ v does not contain the unramified Zp-extension of 
Fjj. We have a noncanonical isomorphism of A(if )-modules 



Jr. z;*- — II -iv 



'L/K — 

veRr 



and a canonical exact sequence 

^ coker E^/^ -^ ^l/^ -^ ^1/k ^ 0. 

Note that, if G = Zp, then the set of f G Rl/k with /^ 7^ consists only of 
primes over p. 
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2. It is not necessary to assume that G is pro-p, rather just procychc, if we 
replace Galois groups by their p-completions in the definitions of terms of 
r^,j^, aside from G- invariants and coinvariants. 

3. In addition to the functor iality inducing maps T^, ,^, -^ ^^/k ^^^ ^^/z/^/ -^ 
\1/^/^, there are natural maps F^,^ -^ ^'l/k ^^^ ^\/k ~^ ^\/k ^^^ T C T' 
(induced by the natural quotient maps on class groups and ideal groups, 
inclusion maps on unit groups, and equality on G together with the natural 
maps between its subgroups). 

4. If we only wish to have an exact sequence of Zp-modules, we need not assume 
that L and K are Galois over a number field F. To do this, choose a set T^ 
of primes of K containing the real places, let Te be the set of primes lying 
below those in Tx for any E G K, and assume that T = Tq is finite. The 
sequences T^,^ and ^I/^/^ of Zp-modules defined as before are still exact. 

5. It is not necessary to assume that T is finite if L is a number field, since we 
do not have to pass to an inverse limit. 

6. If Tk contains the set of primes which ramify in L/K, then we have 1^ = 
for all V ^ Tx, so when G = Zp we obtain a 6-term exact sequence 

-^ XIt ®Zp G -^ coker NI/^ ^ 

kerSL;^ -^ {Xl,t)g ^ Xk,t -^ coker S^/^ -> 



from r^,^, and '^^i^ becomes 



. . . -> ker NliK -^ coker S^/^ ®z, G -^ X^^ ®z, G -> 

coker N^/x ^ ker T^l/^ ^ {Xl,t)g ^ .... 

7. If K contains the cyclotomic Zp-extension of F, then only (the p-parts of) 
those Gy/Iy with v lying over p (or real places when p = 2) can be nontrivial. 

We now mention a couple of other approaches to the proof of Theorem I A. II for the 
sequences F^,^, as we believe the methods are quite interesting in their own right 
and may apply in other contexts. Perhaps surprisingly, the method we have given 
above is not only the most down-to-earth approach but also seemingly the most easily 
applied to treat the general case. In describing the alternate approaches, we focus on 
the case that T contains the primes above p and all primes which ramify in L/K, for 
which Galois cohomology with restricted ramification is most easily applied. 

The first approach involves again working first in the case that L is a number 
field and writing out a seven-term exact sequence using the Hochschild-Serre spectral 
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sequence 

where Ge,t denotes the maximal unramified outside T extension of E (for E = K,L) 
and Oq^t is the ring of T-integers of Q, the maximal unramified outside T extension 
of K. Note that one has nice descriptions of (the p-completions of) the groups 
H\Gk,t, O^ rp) for 2 = 0, 1, 2 in terms of units, class groups, and the Brauer group, 
respectively. (At one point, one must describe explicitly the map E2' -^ E2' , and 
this requires comparing with the map H^^{CIl^t) -^ ^^{^lt) ^^ p(J|)-) One then 
passes to the inverse limit. 

Another approach involves using the Poitou-Tate sequences for E equal to K and 
L of Ja, Theorem 5.4]: 

(24) -^ H\Ge,t, Qp/ZpY -> Ue,t -^ Ae,t ^ ^e,t ^ Xe,t ^ 

where Xe,t denotes the Galois group of the maximal abelian pro-p unramified outside 
T extension of E and 

^,,,T=lim ^ H\Ge..,Qp/^p)\ 

where Ge^ is the absolute Galois group of the completion Eyj oi E at w and ^ is 
used to denote the Pontryagin dual. Let us focus on the case G = Zp, which one can 
treat directly. In this case, one breaks up the 5-term exact sequences (j24p into three 
pairs of 3-term exact sequences and then considers maps on G-coinvariants between 
them (the general idea here being taken from |CSj ). One obtains three long exact 
sequences via the snake lemma and derives the desired 6-term sequence from these, 
using repeatedly the fact that G has j9-cohomological dimension 1. (In fact, in the 
case that H'^{Gk,Ti Qpf^p) is nontrivial, we only carried it out up to a certain difficult 
check of commutativity.) One can also derive the desired exact sequence from the 
spectral sequence for a certain three-by-five complex with exact rows consisting of 
two copies of ()24|) for L and one for K, which degenerates at E4, and we thank Marc 
Nieper-Wisskirchen for suggesting the idea. 
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